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Abstract

We present a determinant expression for a family of solutions to the
SL(2, C) anti-self-dual Yang—Mills equation that corresponds to the classical
transcendental solutions of the Painlevé II and Painlevé IV equations.
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Mathematics Subject Classification: 33C10, 33C15, 33E17, 34M55, 70S15

1. Introduction

Both the anti-self-dual Yang—Mills (ASDYM) equation and the six Painlevé equations play
a key role in the theory of integrable systems. Mason and Woodhouse have shown that
the SL(2, C) ASDYM equation defined on C* can be reduced to the Painlevé equations
under certain three-dimensional Abelian groups of conformal symmetries [1, 2]. Murata has
reconstructed this reduction process by using the notions in the theory of generalized confluent
hypergeometric functions in [3].

Corrigan et al have constructed a family of solutions to Yang’s equation, which is
equivalent to the ASDYM equation, in the case of SL(2,C) [4, 5]. These solutions can
be expressed in terms of Hankel determinants whose entries satisfy the Laplace equation. An
approach in terms of t-functions to Yang’s equation and to the family of solutions has been
proposed in [6].

On the other hand, it is known that the classical solutions to the Painlevé equations admit
determinant expressions. In particular, the classical transcendental solutions can be expressed
in terms of two-directional Wronskians whose entries satisfy (confluent) hypergeometric
differential equations [7].

It is meaningful to investigate the reduction process from the ASDYM equation to the
Painlevé equations with respect to special solutions and their t-functions. The aim of this
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paper is to construct a family of solutions to the ASDYM equation and Yang’s equation that
corresponds to the classical transcendental solutions of the Painlevé I and IV equations.

In section 2, we give a brief review of Yang’s equation and its special solutions. According
to [3, 8, 9], we summarize the derivation of the Painlevé Il equation from the ASDYM equation
in section 3. In section 4, we discuss on the Riccati solution to Py;. We find that the Laplace
equation, which characterizes a particular solution to Yang’s equation, is reduced to Airy’s
differential equation. In section 5, we construct a family of solutions to Yang’s equation that
corresponds to the classical transcendental solutions of Py;. We give a similar discussion on
the classical transcendental solutions to the Painlevé IV equation in section 6. Section 7 is
devoted to a remark on the Bécklund transformations.

2. Yang’s equation and its determinant solutions

In this section, we give a brief review of Yang’s equation [10], its symmetries and a family of
special solutions expressed in terms of Hankel determinants [4, 5].
The SL(2, C) ASDYM equation is given by
8zAw - awAz + [Am Aw] = Oa
0:Ap — 0p Az +[Az, Ap] =0, (2.1
BZAZ - aZAz - 8wAzZ) + 8u”}Aw + [sz AZ] - [Aw’ Au”)] = O,
where Az, Ay, A; and A, are the components of the gauge potential A = A:dZ + Azdw +

A,dz + A,dw and are s[(2, C)-valued functions. The first two equations of (2. I)Nare the local
integrability conditions for the existence of two matrix-valued functions H and H such that

&H=—A:H, ayH = —AzH, 3.H=—A,H, wH = —A,H. (2.2

They are determined uniquely by Aupto H — H M, H — HM, where M depends only on
z and w, and M depends only on Z and w. The third equation of (2.1) holds if and only if the
J-matrix defined by J = H~' H satisfies Yang’s equation

3w (J195J) — 8.(J7'9:0) = 0. (2.3)
It is obvious that Yang’s equation is invariant under the transformation
J— MM, (2.4)

which means that one can regard the transformation (2.4) as the Bicklund transformation of
Yang’s equation (2.3). It is known that Yang’s equation (2.3) also admits another Biacklund
transformation. We set

1 (1 g
Ty ( r? +eg) ’ 2.5)
to express Yang’s equation (2.3) as the coupled nonlinear equations
0ze) (0 35e)(d
8.0:(log f) + % — 995 (log f) + (?‘%

0:8 0wg
8Z(f2>:aw<f2>’ @6)
8 (a§e> _8 (81De)
A\ )=\ )
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Lemma 2.1. Let (e, f, g) be a solution to (2.6). Then (&, f, §) defined by

03 Oy a
=fizev afé\zf—fs aﬁ)ézfz_fs

A

~ 1 R 8,])6
f== 0.8 w8

f e
is also a solution.
We call (2.7) the transformation 8. Obviously, we have g% = 1.

As a particular example of the Bicklund transformation (2.4), we consider the
transformation y defined by

1 1
y Jr—><1 )J<l ), (2.8)
which acts on a solution to (2.6) according to

e
Y f= 2f , 8 o> EH%.
f*+eg f*+eg f*+eg

2.9)

We also have > = 1. Since By # yB, it is possible to generate solutions to Yang’s equation
by operating one after the other. In fact, Corrigan et al [4, 5] have constructed a family of
solutions by applying these Béacklund transformations to a particular solution characterized by
the Laplace equation,

J= <1 ‘f) : (835 — 3.0:)¢ = 0. (2.10)

Proposition 2.2. [4, 5] Define the functions t)'(m € Z,n € Zxo) by

Pm—n+l  Pm—n+2 - Pm
Pm—n+2  Pm—n+3 - Pm+1
= . _ . ) , (2.11)
Om DPm+1 o Oman—1
where the entries ¢; satisfy
;= 0:¢0j41, 0:0; = dw@j+ (2.12)
and the Laplace equation
(040 — 0;0)¢p; = 0. (2.13)
Then
1 .L.m—l o
J=Jy,=— 1" n+l 2.14
’ fr}zn < Tt:n—l .511111+1> ( )

gives rise to a family of solutions to Yang's equation (2.3).

The functions 7, defined by (2.11) satisfy the bilinear relations [6]

m m+1 m+1 m
Dyt -1, = D7) -1

n—1 — n—1°

m m+1 m+1 m
D:t," - )" = Dyt -1, (2.15)
m _m __ _m+l_m—1 m_m
T1thi—1 = T Ty T T

where D is Hirota’s bilinear operator. The first two relations of (2.15) are reduced to the sum
of Pliicker relations.

The above family of solutions are specified by two discrete parameters m and n which
denote the label of the functions ¢; and the size of the determinants, respectively. The
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transformation y B acts on the J-matrix by J,, , — Ju—1,. Also the transformation y, 8y,

with
(Y
] ] (2.16)
e

acts by Jy.n = Jpn+l-

3. Reduction to the Painlevé II equation

Mason and Woodhouse have shown that the SL(2, C) ASDYM equation can be reduced to the
Painlevé equations [1, 2]. Murata has reconstructed this reduction process by using notions in
the theory of generalized confluent hypergeometric functions [3]. Let us consider the ASDYM
equation defined on the Grassmann variety Gr(2, 4). A Jordan group associated with a Young
diagram of weight 4 naturally acts on Gr(2, 4). Suppose that the gauge potential A is invariant
under the action of the Jordan group. Then the ASDYM equation is reduced to a system of
ordinary differential equations, from which one can derive the Painlevé equation.

Let us summarize the derivation of the Painlevé II equation from the ASDYM
equation (2.1) according to [3]. In the case of Py, we choose the Jordan group of the form

1 a b ¢
1 b
“ (3.1)
1 a
1
The above criterion leads us to the coordinate transformation
2 2 ;3
Z:q—?, W= —r, Z=6]+E—I, w=P+§—”» (3.2)
or
~ 2 I - ~ )
P=w—(z—z)w—§w, q=2+50, r=—1w, t=%—z+w". (3.3)

We rewrite the gauge potential A in the form A = Pdp + Qdqg + Rdr + T'dt, where P, O, R
and T depend only on ¢. Since it is possible to fix 7' = 0 by a gauge transformation, we have
A, =—rP, A, =P, As=rP+0Q, Ay =—@?+0)P—rQ —R. (3.4)
Substituting the result into the ASDYM equation (2.1), we get a system of ordinary differential
equations
d

P'=0, Q' =[P, R], R =[tP+R, Q] /:E’ (3.5)
called the matrix Painlevé system [9]. Here, P, Q and R are determined up to conjugation by
a constant matrix. This residual gauge freedom can be exploited to reduce P to the form

k 0
P=<O _k>, k0, (3.6)

when the eigenvalue of P is a non-zero constant (the semi-simple case). We then obtain for
six unknowns a system of equations

0y, =0, 0}, = 2kRu, Q5 = —2kRy1,
Ry, = 021Rn — QRay,
R}, =2(Q12Ri1 — QuiRi) + 2kt Q1a, 3.7

Ré] =2(0Q11 Ry — Q2 Ry1) — 2kt Q7.
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We find that
I =u(PQ)=2kQu,
m=tr (PR~ 30%) =2kRi — (0f; + 012021), 3.8)
n=tr(QR) =201 Ry + Q1nRo1 + 021 R12,

are the integral constants or conserved quantities, and that the system (3.7) essentially has
three unknown variables.

By using (3.7) and (3.8) we obtain for y = —% = —i(log 0Q12) and x = Ry a system
of equations
oo HEmEEN oy LY (s 3
=-2lx- — - — ) - —+—,
Y 8k3 T [ETE 39)
! 4kPm + 12\ 8k*n — 1P — 4kPm '
X' =—4kly——|x— — .
4k2 8k3 8k*
Applying an appropriate affine transformation to y, x and ¢, we see that these equations become
y = —4x — y* + 21, x' =2yx —a, (3.10)
with
8k*n — I3 — 4k*lm G.11)
o =— , .
16k
which are nothing but the canonical equations for Py
y' =2y’ —dty +4(a + ). (3.12)
Similarly, it is possible to get, for y_ = —% = ﬁ(log 0»1)" and x, another system of
equations
4k2m + 12 1\° m 3
=2l ———— )= 2k|y-. —— ) +(2kt+—+—],
- (x 8k ) (y 4k2) < k 8k3) (3.13)
, l 4k’*m + 12 8k*n — 4k*lm — I3
X =4k|y-—— ] |x— + ,
4k2 8k3 8k*
from which, by the same affine transformation as above, we also get Py

V=250 —dy_+4(e - b). (3.14)

Comparing (3.14) with (3.12), we see that the parameter « is replaced with « — 1. This means
that the system (3.7) reduced from the ASDYM equation (2.1) is equivalent to Py and its
Bécklund (or Schlesinger) transformation.

Remark 3.1. The coordinate transformation (z, w, Z, W) — (p, g, r,t) is not uniquely
determined from the above criterion. In fact, it just gives us

z=q+3r+f)l+g—t, w=p—(+i+50+f)>+h, G.15)
I=q— 50+ +sg b=+ f),

where f, g and & are arbitrary functions of 7. Let us fix this freedom so that we have
q =q(Z, W), r=r(Z, ). (3.16)

Then the matrices A, and A,, are proportional to P under the gauge fixing 7 = 0, and the first
equation of (2.1) is reduced to a linear equation with respect to P. In this case, we immediately
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get P’ = 0. The equations for Q and R are given by
Q' =[P,R]1+H[P, O], R' =[tP+R, Q]l+H[P,R]. (3.17)

Since the terms of 4’ give no contribution to the system of equations for the variables x, y and
y_,one can fix f = g = h = 0 without loss of generality.

Before discussing the construction of special solutions, we mention the matrix H. Since
the matrices A, and A,, are proportional to the constant matrix P, it is easy to solve the linear
equations (2.2) for H. For any solution to Py, we have

efk(w+u"/z)
H= ( ek(wwz)) , (3.18)

up to multiplication by the matrix M.

4. Riccati solution to Py

Murata and Woodhouse have constructed the gauge potential for the Riccati solution to each
of the Painlevé equations [8, 9]. In this section, we construct the J-matrix corresponding to
the Riccati solution of the Painlevé II equation.

In the case of n = (4k%Im + 13)/8k*(a = 0), the second equation of (3.9) admits the
specialization x = (4k>m +1%)/8k>. The first equation of (3.9) becomes the Riccati equation

QY (S W YR 1)
U G K8k ) ‘
Setting
1 [y 1
y=—(2—5) “2)
2k\ ¢ 2k
we get for ¢ a linear equation
Y = (4k*t +2m + 3" v 4.3)
= m _— . .
4k?
which is equivalent to Airy’s differential equation ¥” = 2tv under the same affine

transformation as above. Noting that Q, = 2kR),, we can get

! e_ﬁ’ l
Qun=e %'y, Ry = % <1ﬂ' - ﬂl/f) . (4.4)

We also obtain Q51 = R;; = 0 from (3.8). Then A; and Ay for the Riccati solution are
expressed in terms of upper triangular matrices as

o+ L — b G—z+?)
AZ:( 0t CZ~ ! I/I)’ 4.5)
W= 5%
and
~ - - 2l ) B
4, = [TRE—z 20%) + L — KL e (2kwy — Y+ L) “6)
k(z —z+20%) — L + Homl?

respectively.
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Itis easy to see that H also becomes upper triangular, by solving the linear equations (2.2).
In fact, one can get

- ﬁll ITIIZ
H = ~ 4.7
( HJ) @7
with
y i AN i (o 2t Lga, Al
= ¢€X w— — —ZWw —w - —w —_— |,
11 =exp % )¢ T3 4k 813

~ [
Fp = —exp [(kw _ E) z} .8)

/2 wie— s Lan - Zear - L 4Cm+ 12 i
X eX w — — — —KW™ - —— W — W .
L R T 4k YE <

It is possible to get the J-matrix from J = H~'H. Let us choose the matrices M and M as

eX ~ eX
) (L)

" R ) "+2k~3 [ ~2+4/c2m+12~ .9)
X = O 2 e M T gk
to normalize the diagonal elements of the J-matrix to 1. Thus, we obtain
~ 1
MM = < ‘f) (4.10)
with
/Z 2k G- 2 )+ e - KT 6 @.11)
= ex w—Z—2)w— -0 — - W . .
v P cTEYTS 2T T T ¢
What is remarkable is the following fact.
Proposition 4.1. The function ¢ defined by (4.11) satisfies the Laplace equation
(0ydy — 0.0:)9 = 0. 4.12)

This means that the seed solution (2.10) to Yang’s equation is reduced to the Riccati solution
to Py when we choose the particular solution (4.11) to the Laplace equation.

Proposition 4.2. The J-matrix for the Riccati solution to Py is given by

J = <1 ‘f) (4.13)

zZ

Q= /u e"ydz,
(4.14)

ok G — 2@ 2 4 +l(~+) ak*m + 1% _
= w—(Z—2)W — =W’ — _— .
1 cTYYTS 2TV T
When we fix

!

e
§ k(w +wz) + | kb ! ~+2k~3 ! ~2+4k2m+12~ )
=—k(w+w W — — kW’ — — W + ————W,
‘ 2%)°73 ak 8K3

the components of the gauge potential are recovered by
A.=—0.HH!, Ay, =—0,HH !,

4.16
As = (—0:H+HJ '9%:))H!, Ap = (—gH + HJ "oy HH™". (4-16)
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5. The J-matrix for the classical transcendental solutions to Pyy

In this section, we construct the J-matrix for the classical transcendental solutions to the
Painlevé II equation, based on the results of the previous section.
We have the following proposition on the classical transcendental solutions to Py [11, 7].

Proposition 5.1. Define the functions ty(N € Zxo) by

1p(O) 1p(l) 1p(Nfl)
1p(l) 1,0(2) . 17y(N)

N =

, A 4 v, (5.1
. . . dt
w(N—U w(N) ¢(2N—2)

where s is the general solution to Airy’s differential equation (4.3). Then the bilinear relations

2 (42s e o s 3
Dt_ kt+m+m Tyl - Tv =0,

" 7\2
TN+ TN=1 = TyTy — (Ty)", (5.2)
Dty -ty = 4k2Nr1%,

hold, and
1 [d l 4k%m + 12 1 _
y=— < (10 TN+l b ’ Y= m LD TN+ TN- (5.3)
2k | dt ™ 2k 8k3 2k 1:1%,
with
4k tm + 13
n=——————2kN (5.4)

8k*
give rise to a family of classical transcendental solutions to Pry.

By using (3.8) and the bilinear relations (5.2), the matrices Q and R can be calculated as

Ly
l e 2k Ty

_ 2k 22N oy 55
—@k)Nefi L o
L7 2k
and
! 1
APm+12 1 TneiTtvog e %! (D'_ﬁ)r"'”‘r”
8K3 % 1 (2k)2VT 2
R= (o) , (5.6)
_ 1L \Di+5; )tn—1-Ty 2 2
(2k)2N Lot A2 2 _4k8r;:3+l + i IN+1'§N—1
TN '[N
respectively.

Because the function ¢ defined by (4.11) satisfies the Laplace equation, we expect that the
classical transcendental solutions to Py in proposition 5.1 can be obtained as a specialization
of the family of solutions to Yang’s equation in proposition 2.2. In fact, we have the following.

Theorem 5.2. Define a sequence of functions ¢;(j = —1,0,1,2,...) by

V-1 =f ey dz,

=2k ( — )W 2 5 +l(~+)
n= w Z 2)w 3w 2kZ Z

ak>m + 1% D
— W

4k
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with

1
Qi1 = ﬂaz%‘, (5.8

and the functions t)' by (2.11). Then the J-matrix corresponding to the classical
transcendental solutions of the Painlevé Il equation is given by

1w e
J - .]N - N1 ( N—1 N . (59)
n TN-1 N

The components of the gauge potential are recovered by (4.15) and (4.16).

The proof of this theorem is given in appendix A.

6. The Painlevé IV equation

By a similar discussion to the case of the Painlevé II equation, one can also construct the
J-matrix for the classical transcendental solutions to the Painlevé IV equation. In this section,
we present the corresponding result on Pry.

6.1. Reduction to the Painlevé IV equation

The matrix Painlevé system for the Painlevé IV equation is also derived from the ASDYM
equation (2.1), using the same criterion as in the case of the Painlevé Il equation. Here, we
use the Jordan group of the form

1 b a
1 b
N
| (6.1)
c
to obtain the coordinate transformations
w=e, Z=gqc¢, 1=—q+t, w=p—3(—g+1)°, (62)
or
22 4 Z
p:u)-|-_7 q=—, r=10ng, t=Z+T- (63)
2 w w
The components of the gauge potential are written as
A, =P, A, =(—q+1)P, Ay =e " (—qQ +R), A;: =e"Q. (6.4)
Then we get the matrix Painlevé system [9]
d
P =0, Q =[P,R—1Q), R =[R, 0], "= T 6.5)
In the semi-simple case, we obtain a system of equations
01, =0,
01, =2k(Rin —tQ12), 04, = —2k(Ro1 — tQ21), 6.6)

R\, = 021R12 — Q12Ryy,
R, =2(Q12R11 — Q11 R12), R} =2(Q11 Ry — Q21 R11),
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which also has three conserved quantities
I =u(PQ)=2kQu,
m* = Lr(R*) = R}, + RipRay, (6.7)
n=t(PR—10% =2kR, — (0}, + 01202).
Let us introduce the variables y and x by
y:ﬁ = i(log Op) +1t, Ry = xy+m. (6.8)
On 2

Then we obtain from (6.6) and (6.7) a system of equations

l
y = 2yx — 2ky* + (2kt - E) y+2m,

6.9)
= x4 aky — (k= D) | x - n—2km+£
- Y k w2 )

Applying an appropriate affine transformation to y, x and ¢, we get

y = 2yx — (y* + 1y + ko), X =—=x2+Qy+0)x — 0 (6.10)
with

1 I?
Ko = 2m, Gw:—ﬂ n—2km+m , (6.11)

which is nothing but the canonical equations for Py

@By 1 (dy\* 3, 1 kg
—— = — [ ) +2v3+2192+ =12y — (= + 200 + D)y — 2. (6.12
a2 2y(dt> 7Y y Sy (=Ko + 20 + 1)y 2y (6.12)

R 1
Similarly, it is possible to get, for y_ = . ﬁ(log 0>1)" + 1t and x, another system

02

of equations

l
y. = —2y_x +2ky? — (Zkt - ;) y_ —2m,

(6.13)
1 2 l 12
X' =x“—|4dky_(2kt — =) |[x+|n—-2km+— ],
k 4k
from which, by the same affine transformation as above, we also get Pry
d?y_ 1 [dy_ 3 3 , 1, K}
—— = — | =) +=y +2ty"+ =ty — (—kp+ 20 — Dy — —. 6.14
a2y ( I ) FYSF2AYI oY (=Ko +20c — 1)y 2y (6.14)

Comparing (6.14) with (6.12), we see that the parameter 6, is replaced with 6., — 1.

6.2. Riccati solution

Let us consider the Riccati solution to the Painlevé IV equation. It is easy to see that the system
of equations (6.9) admits a specialization to x = 0 in the case of n = 2km — [?/4k* (05 = 0).
Then the first equation of (6.9) becomes a Riccati equation

I
y = —2ky? + <2kz — E) y +2m. (6.15)
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Setting
1 [y /
=—|—+|kt— =], 6.16

=g [v ()] ©10

we get for ¢ a linear equation
1 \2

v+ |:—4km +k— (kt — ﬂ) :| ¥ =0, (6.17)
which is equivalent to Weber’s differential equation

B (R i IR (6.18)

V- — — = .
2 4

with ko = v + 1, under the same affine transformation as above. Noting that Q}, =

2k(Ry2 — tQ12), we can get

1 l
Q= HUm iy, Rp= e [w; + ("’ B ﬁ) wv} : (6.19)

where ¥ = i, is a general solution to (6.17). We also obtain Q1 = Ry = 0 from (6.7).
Then A; and Ay for the Riccati solution are expressed in terms of upper triangular matrices as

1 (L e mlkEd+z)
A== (2’< crT 4 (6.20)
2%k
and
Z — L+ L i z
1 %l—zl—k% ﬁe 3 k(24 5)+ ] ['(ﬂ"}+ kt—ﬂ)lﬁv—Q.kElﬁu]
Aw=5< el iz , (6.21)
2 T %w
respectively.

Solving the linear equations (2.2), we see that the matrix H can be expressed in the form
(4.7) with

2k W
] 5 (6.22)
~ Iz S 1 Z l 1z
Hi, =— - D2 — kl\z+—=)+—=| +-— ¢ ¥.dZ.
12 exP( ka)/w eXp{ Zk[ (Z w) 2k:| kw}w ¢
The matrix H is given by
e—k(w+§)
H = 2 s (6.23)
ek(w+‘7)

up to multiplication by the matrix M for any solution to Pyy. Thus, choosing the matrices M
and M as

-~ [(H
M =H, M:( 1 ~_1>, (6.24)
Hll

we obtain

MM = (1 “’) (6.25)
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with

_/Zw O P P 2+lZ dz (6.26)
LA B ) Tl SN AV A w| Tra (Ve '

We also find that the function ¢ satisfies the Laplace equation (9,03 — 9,0z)¢ = 0.

SUES

Proposition 6.1. The J-matrix for the Riccati solution to Py is given by

J=<1 910> (6.27)
with
: 2 1 z 17 13
= [ @’ ey, d3, =2 ) - — ) | - 2
7 fwerz n k<w+2> 2k|:k(z+w>+2k] +ku”) (6.28)

When we fix
~ vl e 2 | 3
w 2 € Z <
H= v ; =—k + =)=, 6.29
( wz‘ef) 5 (w 2> % W (6:29)

the components of the gauge potential are recovered by

A.=—0.HH™!, Ay =—0,HH™ !,
(6.30)
A: = (—:H+HJ '0:))H !, Ap = (—3gH +HJ 95 J)H .
We remark that the general solution to (6.17) can be expressed by
¥ b, (=)D, (—1) (6.31)
v =c1———+cal'(—v)D,(-1), .
"Tw+1 72

where D, (t) is the hyperbolic cylinder function, I"(v) is the Gamma function and ¢; (i = 1, 2)
. . . 1 !
are arbitrary complex constants. Introducing the function ¢, = e~z *~x) 2%, we have

b4 N Z2 l
Q= / w"e¢, dz, =2k (w + E) - %z. (6.32)
The contiguity relation of the hyperbolic cylinder function
/
D, = (kt - ﬂ> D, — (=2k)2vD,_, (6.33)

leads us to ¢, = —(—2k) : ¢,—1. Then it is possible to explicitly calculate the integral in ¢ and
get

9= / 0" e, d7 = —(—2k) 20" e,y (6.34)

6.3. The J-matrix for the classical transcendental solutions

We have the following proposition on the classical transcendental solutions to the Painlevé IV
equation [7].

Proposition 6.2. Define the functions t\) (N € Z) by
q15‘()0) ¢51) . ¢]()N—1)

¢(1) ¢]()2) ¢£N) . d i
V= o . ¢>5’>=(5) By. (6.35)

¢(N*1) ¢(N) ¢(2N*2)
v v v
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Then
1|d ) l 1 D (04D
y = E{A%x3+%“? =—e%ww+u%ygg
TN T+l
o (1) (6.36)
= —(—2k)" IN+1TN-1
- (v 1)7:(1}) ’
TN N
with
v+ 1 ?
m= 7 n:k(v+1)—4—kz—2kN, (6.37)
give rise to a family of classical transcendental solutions to Pyy.
We have for r(v) the bilinear relations
t,(vv:lrl(vv 11) — —(=2k)"? D,t,(vv_l) . t(")
1 _1 1
fﬁ&ﬂ—@%waﬂlwl (6.38)
1 1 _1
W+ Doy oy = (2071 D+ (2ke = Pl - 7y
and
-1 (V+1) (v=1) (v+1) (V D ) _(v)
(=2k) "ty Ty =Ty —In N (6.39)
w+1) (v+1) (v 1 W () +2kN ) (v) ’
v TN+t Tn—1 = Tn41TN—1 TN
Then the matrices Q and R can be expressed as
L L oLt I
2% 2%V =
Q - 2N —t tN 1 . 1 (640)
—(2k) o — 5%
and
(+l) _(v=1) 1, | D+ 2kt—1L r(\2 T(v>
ﬂ - _(U + l)rN+(lv)f[\(/v)] (2k)]2N+1 € it [ ( r(v)k}w:)' S
R= [ ( )] o o , (6.41)
IN—1 1 D[7 2/{[7* TV, 'TV 1 1 ‘[(V:I)‘L’(v 1)
(2N LSS T g (v ) BT
respectively.
Theorem 6.3. Define a sequence of functions ; by
z
o) = / B Iy dz = —(—26) 0" oy (6.42)

and iy = ﬁagq)j, and define the functions t," by (2.11). Then the J-matrix for the classical
transcendental solutions to the Painlevé IV equation is given by

1 ‘L'N 2 ‘L'N 1
I=1y = (N N“). (6.43)
Yoo \gyn o

The components of the gauge potential are recovered by (6.30) with

o L VY
w 2 €
H = ( BN e_é> . (6.44)

The proof of this theorem is given in appendix B.
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7. A remark on the Bicklund transformations

It is well known that the Painlevé II and IV equations admit the affine Weyl group symmetries
of types AEI) and A;l), respectively, as the group of Bicklund transformations. As for the
translation subgroup, it is possible to find the corresponding transformation on the J-matrix.
In the case of Py, the transformation (y; /3)2 actson Jy by Jy — Jy_1. In the case of Py, the
transformations y, 8y and By acton J\ by J + J, and J + J'7", respectively.
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Appendix A. A proof of theorem 5.2

What we must prove is the following relations:

(@=1y)ty 2 = (v ) — (Bemy )Ty =0, (A1)
D.gN=1. N
ZTN+1 ZTN — (2k)—2N e TN+l , (A.2)
() ™
D=2 N1 _
RN TN (N e L (A.3)
(v ") ™
and
Dw_L,Nfl..L,N D_Lr T
N+1 5 N — (2]{)721\,71 e?’] _( ! 2]{)2 N+1 N + 2kw TN+1 , (A.4)
(v ") W ™
Dyt 2. N1 D, — L)ty -ty _
Ty 2N71 — k)N e (D Zk)2 NINZL g IV , (A.5)
() W ™
e (T e O e o R e
N2 =% 2 (A.6)
(zv ') Ry
The first relation (A.1) is proved as follows. Let us introduce the notation
¥j
j=|%+]. (A7)
For example, t[{,v is written as tf\)’ =|1,2,..., N|. Also, by using (5.8) we have
dthy =2k|1,...,N —1,N+1],
dN ' =2k|—1,...,N -2, N|, (A.8)
d:ty ' =2kl0,..., N —2,N|.
Set D :=|—1,..., N —2, N|. Then the bilinear relation (A.1) is reduced to Jacobi’s identity

1 N+1 1 N+1 1 N+1
D'D[l N+1]=D[1:|D|:N+1]_D|:N+1]D|: 1 ] (A.9)
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where D[;'l ’/’2 N ’]kk ] is the minor obtained by deleting the rows with indices i1, . .., it and the
columns with indices ji, ..., jk.

Next we prove the relations (A.2) and (A.3). By using the second bilinear relation of
(2.15) and 9,,¢; = 2k¢;, we have

Dty Ty = Dutyy Ty = 2kTyg Ty
(A.10)
th](}’*z . tjl\,v:ll = Dwtf\,\'*1 : szvv:lz = 2kt]{,\'*lt]{,v:12.
It is easy to see that
N-1 e
Ty = Ww. (A.11)

Then we get (A.2) and (A.3). The relations (A.4) and (A.5) can be proved in a similar way.
In fact, the first bilinear relation of (2.15) and (A.11) leads us to

D'Z"”-]I\Y:ll . TIIVV _ DZ‘CI\I}/+1 . ‘[llvvfl . (Zk)*ZN*13 en TN+1
N—=1\2 - N—1\2 - Z T )
(v ) (tv ) (A.12)
L),Z)‘L'll\\,,_2 . ‘[107:11 _ DZ‘C[[\Y_I . 7’-1\1),:12 _ —(2k)2N—18 (e_n TN—])
(zv ")’ (zv ")’ ) ™
Let us prove the relation (A.6). By using dg@; = —2k@;» + (I/k)@;j41, we have
8,,;@{)’ =2k|l,...,N—2,N,N +1]
l
—2k|1,...,N — 1,N+2|+;|1,...,N— 1, N +1],
doty ! =2k|—1,...,N—3,N —1,N|
(A.13)

l
—2=1,...,N=2, N+1[+ |- 1,...,N =2, N|,
dpthy ' =2kl0,...,N —3,N — 1, N|
l
=210, N =2, N+ 1]+ 210,...,N =2, N|.

We find that the contributions from the third terms of the right-hand sides of these relations
vanish, due to Jacobi’s identity (A.9) with D :=|—1,..., N —2, N|. Also the contributions
from the second terms vanish, due to Jacobi’s identity (A.9) with D := |—1,..., N—=2, N+1|.
Then we have
() o et e B R B VIE0
=1,....N=2,NN+1|x|—1,...,N =2]
—|-1,...,N=-3,N—1,N| x|l,...,N —1]
—10,...,.N—-3,N—1,N|x|0,...,N —1]. (A.14)
Moreover, Jacobi’s identity (A.9) with D := |—1,..., N — 3, N — 1, N| can be exploited
to get
(right-hand side of (A.14)) x|1,...,N =2, N|
=1,...,.N=2,N,N+1|(]l,...,N=2,N| x|—1,...,N =2]|
—|-1,...,.N=-3,N—-1|x]|l,...,N—1))
+10,...,N=-3,N—-1,N|(]0,...,N—=2,N| x |1,...,N — 1]
—|1,...,N=2,N|x|0,...,N —1)). (A.15)
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One can rewrite the right-hand side of (A.15) as

0,....,N =2|(=|1,....N=2,N,N+1|x[0,...,N — 1]
+10,...,N=3,N—1,N|x|l,...,NJ), (A.16)

by using appropriate Pliicker relations. Due to Jacobi’s identity

D'D[Nl—l xii]:D[Nl—l}D[x:ﬂ_D[Nil}D[zlvvill] (A17)
with D := |0, ..., N|, we finally obtain
(3w TN) N (311?51\1\,:11)% 1= (% ™ I)levv !

= 2k(—[0,..., N| x [0,..., N —2|) = =2kt Th 1, (A.18)
which yields (A.6) by using (A.11).

Appendix B. A proof of theorem 6.3

Note that we have the linear relations

dwpj = 2kg;,

N ~ B.1
dng; = 2k 0 + (@)1 (B.1)

In a similar way to the case of the Painlevé II equation, one can prove the following relations:

(8ZTN)T11\Y ? (3 T11\Y+11)711\>/ 1l - (3 71]\/\] 1) =0, (B.2)
Dty ool )
"N+l (2k)—2N ~v—2N e?] N+1 , (B.3)
N—1 (V)
(TN ) N
D.TN-2. 7‘,N—1 L
"N = 21\, (Zk)ZN ~ —V+2N -2 e—n N(V)l (B.4)
(TN ) N
and
N—-1 ) ) )
Dityy Ty _ (k)N -1 gr 2N i |:(Dt +2kt — )Ty Ty — kg r1vv+1:| (B.5)
N—1 - ) ) :
(zn ) (tv ) v
N-2 _N-1 ORO) (v)
Dyty " -ty = k)Nl N2 60 (Dt + 2kt — ) “Ty-i T . (B.6)
() () o
N N N
N-2 N—1\_N— N—1\_N-1 ) _(v)
(au')fzv )TN (3wTN+1 )fol (8wr )fN I Tyt (B.7)
—1\2 - N2 .
(o) 2k (o)
where we use
_ I yo— s (v
= LG pNOTNED N () (B.3)

The components of the gauge potential are recovered from (6.30) by using the above relations
and the second relation of (6.39).
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